QUANTIZED CHEBYSHEV POLYNOMIALS AND CLUSTER 
CHARACTERS WITH COEFFICIENTS 
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Abstract. We introduce quantized Chebyshev polynomials as deformations 
of generalized Chebyshev polynomials previously introduced by the author in 
the context of acyclic coefficient-free cluster algebras. We prove that these 
quantized polynomials arise in cluster algebras with principal coefficients as- 
sociated to acyclic quivers of infinite representation types and equioriented 
Dynkin quivers of type A. We also study their interactions with bases and 
especially canonically positive bases in affine cluster algebras. 
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1. Introduction 

Normalized Chebyshev polynomials are elementary well known objects which can 
be defined as follows. For every n > 1, the n-th normalized Chebyshev polynomial of 
the first kind F„ is characterized by Fn{t + t^^) = and the n-th normalized 

Chebyshev polynomial of the second kind Sn is characterized by Sn{t + t~^) = 
X]fe=o These polynomials made their first apparition in the context of cluster 

algebras respectively in |SZ04) and in |CZ06) . 

Cluster algebras were introduced in early 2000's by Fomin and Zelevinsky in 
|FZ02) . Since, they found applications in many areas of mathematics like combina- 
torics, Lie theory, Poisson geometry or representation theory. In their most simple 
incarnation, cluster algebras are commutative algebras over ZP where P is some 
tropical semi-field. The generators, called cluster variables, are gathered into sets 
of fixed finite cardinality called clusters. Monomials in variables belonging to a 
same cluster are called cluster monomials. The elements of a cluster algebra can 
always be expressed as Laurent polynomials in cluster variables belonging to any 
fixed cluster, this is referred to as the Laurent phenomenon |FZ02j . An element in 
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a cluster algebra A is called positive if it can be expressed as a Laurent polyno- 
mial with coefficients in Z>oP in every cluster of A. A ZP-basis B in A is called 
canonically positive, if positive elements in A coincide precisely with Z>oP-linear 
combinations of elements of B. It is not known if there is necessarily a canonically 
positive basis in a cluster algebra A. Nevertheless, if such a basis exists, its ele- 
ments are uniquely determined up to normalization by elements of P. Canonically 
positive bases were investigated in particular cases in [SZ04| [CerOQj . 

The research of bases, and especially canonically positive bases, in cluster alge- 
bras was one of the main motivation for their study. In the symmetric coefficient- 
free case, that is, when P — {1}, Caldero and Keller proved that if the cluster 
algebra A is simply-laced of finite type (ie if it has only finitely many cluster vari- 
ables), then cluster monomials form a Z-basis in A |CK08) . 

For rank 2 cluster algebras of affine and finite type, Sherman and Zelevinsky 
managed to compute canonically positive bases with arbitrary coefficients |SZ04j . 
In particular, the authors proved that if ^ is a coefficient-free rank 2 cluster algebra 
of affine type, the canonically positive basis of A is B{A) = {cluster monomials} U 
{Fn{z)\n > 1} where z is some well chosen particular positive element in A (see Sec- 
tion [7] for details). Using coefficient-free cluster characters, Caldero and Zelevin- 
sky managed to compute a slightly different basis for the coefficient-free cluster 
algebra associated to the Kronecker quiver |CZ06) . Namely, this basis is given 
by {cluster monomials} U {S'„(z)|n > 1}. The presence of normalized second kind 
Chebyshev polynomials in this case comes from the study of coefficient-free cluster 
characters associated to regular modules over the path algebra of the Kronecker 
quiver. 

Let Q — {Qo, Qi) be an acyclic quiver, that is, a quiver without oriented cycles 
where Qo is a finite set of vertices and Qi a finite set of arrows. Let fc = C be the 
field of complex numbers, we denote by kQ the path algebra of Q, by kQ-mod the 
category of finite dimensional left-ZcQ-modules and by Cq the cluster category of 
Q. 

Let y be a Qo-tuple of elements of P. We denote by A{Q, y, x) the cluster algebra 
with principal coefficients at the initial seed ((5,y,x) where x = {xi\i S Qo) and 
y = £ Qo) is a minimal set of generators of the semifield P. 

Inspired by works on cluster characters for the coefficient-free case |CC06| ICK08[ 
[CK06, PalOSil, Fu and Keller introduced in [FK07] cluster characters with coeffi- 
cients in order to realize elements in the cluster algebra ^(Q,y,x) from objects 
in the cluster category Cq. In particular cluster variables in ^(Q,y, x) are char- 
acters associated to indecomposable rigid objects in the cluster category Cq. In 
this paper, we consider a more elementary description of cluster characters with 
coefficients than the one proposed in [FK07]. We will see in Section [521 that these 
two definitions coincide. The cluster character with coefficients on Cq is a map 

Xp'^:Ob(CQ)— >Z[y][x±i] 

whose detailed definition will be given in section [21 We denote by 

X? : Ob(CQ)^Z[x±i] 

the usual Caldero-Chapoton map introduced in |CC06[ [CKOSj . which will also be 
referred to as the cluster character without coefficients on Cq. 

In |Dup08b| (see also [FroQSj for a similar description in Dynkin type A), we 
introduced a generalization of Chebyshev polynomials of the second kind arising in 
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cluster algebras associated to acyclic representation-infinite quivers. More precisely, 
if Q is a quiver of infinite representation type, the coefficient-free cluster character 
of an indecomposable regular module M can be expressed as a polynomial with 
integral coefficients evaluated at the characters of quasi-composition factors of M . 
The polynomials appearing were called generalized Chebyshev polynomials. 

In |Cer09] . the author gets interested in cluster algebras with coefficients associ- 
ated to an affine quiver of type A2,i. It turned out that if the coefficients are not 
specialized at 1, generalized Chebyshev polynomials do not appear anymore. The 
aim of this paper is to introduce a certain deformation of generalized Chebyshev 
polynomials that allows to recover the polynomiality property for cluster charac- 
ters with coefficients evaluated at indecomposable regular modules over the path 
algebra of a representation-infinite quiver. 

Whereas the final goal of this paper is to give an efficient tool for calculations 
in cluster algebras, most of the results can be read independently of the theory of 
cluster algebras. 

Our main results are the following : Consider a family q — {qi\i € Z} oi inde- 
terminates over Z and a family {x^^iji £ Z} of indeterminates over Z[q]. We define 
by induction a family 



by 
(1.1) 



{x,,n\i G Z,n > 1} C Q(q)(a;,,i|i G Z) 



fc=l 



with the convention that Xi^o = 1 for all i G Z. 

The first result of this paper is a polynomial closed expression for the Xi, 

Theorem 1. For any n > 1 and any i G Z, we have 

Xt+n-lS 1 (0) 



det 



(0) 



In particular, polynomial in Z[(7i+i, . 



1 



Note that the well-known Dodgson's determinant evaluation rule turns out to 
be a consequence of theorem 1 and equation (|l.ip when all the g-s are speciaHzed 
at 1. 

Identifying naturally the ring Z[gi+i, . . . , qi+n-i, Xi^i, . . . , Xi+n-1,1] with a sub- 
ring of (7i, . . . , (?i+„_i, . . . , we denote by P„ the polynomial in 2n 
variables such that 



Pniqi 



) Qi-\-'ri— 1 7 '^1,1 1 



■ ; -^i+n — 1,1 J 



and Pn is called the n-th quantized Chebyshev polynomial of infinite rank. Note 
that the definition of Pn does not depend on i. 
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For any p > 1, the abelian group acts Z-linearly on 'L[qi,Xi^i\i G Z] by 
kp.qi — qi+kp and kp.Xi = Xi+kp for any k ^ Z. We denote by 

TTp : Z[qi,Xi,i\i G Z] >Z[qi,XiA\i E Z]/pZ 

the canonical map. We set Pn,p to be the unique polynomial such that for every 
i G Z and n > 1, we have 



i+p—1 



))• 



Pn,p is called the n-th quantized Chebyshev polynomial of rank p. If we denote by k[p] 
the remainder of the euclidean division of an integer k by p, Pn,p is the polynomial 
such that P„,p(gi[p], . . ■ ,qi+p-i[p],Xi[p]^i, . . . , Xi+p.^pj^i) is the determinant 



det 



Xi+n-l[p],l 1 
<li+n-l[p] 



(0) 



(0) 



1 



1i+llp] ^ilp],l . 



In the sequel, we will use the following notation : if J is a set, a = {ai\i e J} 
is a family of indeterminates over Z and v = G J} C Z has finite support, we 
write a." = UzeJ^-T- 

If Q is a representation-infinite quiver, any regular component TZ in the Auslander- 
Reiten quiver r(fcQ) of fcQ-mod is of the form ZAoo/(p) for some p > |ARS95| 
Section VIII. 4, Theorem 4.15]. We denote by Ri,i £ Z/pZ the quasi-simple mod- 
ules in TZ, ordered such that tRi ~ Ri-i for all i G Z/pZ. For i £ Z/pZ and 

(n) 

n > 1, denote by i?J the unique indecomposable module such that there exists a 
sequence of irreducible monomorphisms 



R i R 



(1) 



■R 



(2)_ 



■R 



(n) 



We say that i?,-"'' has quasi-socle Ri and quasi-length n. By convention denotes 
the zero module. The quotients R^^ / R^ for k — \, . . . ,n are called the quasi- 
composition factors of the module M. Every indecomposable module in TZ can be 
written i?-"'' for some i G Z/pZ and n>l. 

Our main result is that quantized Chebyshev polynomials appear naturally for 
cluster characters with coefficients associated to regular modules. 

Theorem 2. Let Q be a quiver of infinite representation type, TZ be a regular 
component in T{kQ) and let p > be such that TZ is of the form ZAoo/(p). We 
denote by {Ri\i € Z/pZ} the set of quasi-simple modules in TZ, ordered such that 
rRi ~ Ri-i for all i £ Z/pZ. Then for every n> 1 and i G Z/pZ, we have 



X 



Q,v 



dim Ri 



y 



vQ.y \ 
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or equivalently 



X 



Q,v 



det 



..dim Ri-i 



(0) 



(0) 

Moreover, if p > 0, we have 

vQ-y — p (..dim Hi 



.,dimRi-\ 



y ' ' 



,y \ 
i+p-i'' 



We also prove that quantized Chebyshev polynomials arise in cluster algebras of 
Dynkin type A. For any integer r > 1, let A be the quiver of type A^, that is, of 
Dynkin type A^ equipped with the following linear orientation : 

0^ 1^ 2^ ' r-l 

Let A{A,~s.,y) be the cluster algebra with principal coefficients at the initial seed 
(A, x,y) and X'^''' be the cluster character with coefficients on Ca- 

For any « G [0,r — 1], we denote by Si the simple /cA-module associated to the 
vertex i and for any n £ [1, r — i], we denote by S'|"'* the indecomposable fc^- module 
with socle Si and length n. We prove : 

Theorem 3. Let r > 1 be an integer and A be the above quiver of type . 
for any i € [0, r — 1] and n G [1, r — i], we have 



Then, 



X 



A,y 



or equivalently 



X 



A.y _ 



dot 



X 



(0) 



Vi+n-l 



(0) 



Vi+i 



X 



A,y 



Note that this result was obtained independently by Yang and Zelevinsky by 
considering generaHzed minors |YZ08) . 

The paper is organized as follows. In section[2l we give definitions and properties 
of cluster characters with and without coefficients. In section [3l we study in detail 
cluster characters with coefficients for equioriented Dynkin quivers of type A. The 
study of Dynkin type A allows to define quantized Chebyshev polynomials in section 
m where Theorem 1 and Theorem 3 are proved. In section [U we prove Theorem 2 
and give some explicit computations in cluster algebras of type A2,i. In section [6l 
we study algebraic properties of some particular quantized Chebyshev polynomials, 
namely the quantized versions of normalized Chebyshev polynomials of the first 
and second kinds. Finally, in section [3 we give examples and conjectures for these 
polynomials to appear in bases, and especially canonically positive bases, in cluster 
algebras of affine types. 
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2. Cluster characters 

2.1. Definitions and basic properties. Let Q be an acyclic quiver. We de- 
note by A{Q,~x.,y) the cluster algebra with principal coefficients at the initial 
seed (QjX, y) where y — {yi\i € Qo} is the initial coefficient Qo-tuple and where 
X = {xi\i e Qo} is the initial cluster. We simply denote by A{Q,x) the coefficient- 
free cluster algebra with initial seed ((5,x). 

Let A: = C be the field of complex numbers and fcQ-mod be the category of finite 
dimensional left-modules over the path algebra of Q. All along this paper, this cate- 
gory will be identified with the category rep(Q) of finite dimensional representations 
of Q over k. We denote by r^g (or simply t) the Auslander-Reiten translation on 
kQ-mod. Let V — D^{kQ) be the bounded derived category of Q with shift functor 
denoted by [l]kQ (or simply [1]). We denote by Cq the cluster category of the quiver 
Q, that is, the orbit category V/F of the auto-functor F — t~^[1] in V. This is an 
additive triangulated category |Kel05j, 2-Calabi-Yau whose indecomposable objects 
are given by indecomposable fcQ-modules and shifts of indecomposable projective 
/cQ-modules [BMR+06| . This category was independently introduced by Caldero, 
Chapoton and Schiffler for the type A case [CCS06] . 

For every i e Qo, we denote by Si the simple /cQ-module associated to the 
vertex i, Pi its projective cover and li its injective hull. We denote by ai = dimS'^ 
the dimension vector of Si. Since dim induces an isomorphism of abelian groups 
Ka{kQ) — >lf^° , oii is identified with the z-th vector of the canonical basis of lP° . 

As Q is acyclic, fcQ is a finite dimensional hereditary algebra, we denote by 
(— , — ) the Euler form on fcQ-mod. It is given by 

(M, N) ^ dim HomfeQ (M, A^) - dim Ext^Q (M, N) 

for any /cQ-modules M and N . Note that (— , — ) is well-defined on the Grothendieck 
group. 

For any fcQ-module M and any dimension vector e, we denote by 

Gre(M) = {TV C M|dimiV = e} 

the grassmannian of suhmodules of dimension e of M . This is a projective variety 
and we denote by x(Gre(M)) its Euler characteristic with respect to the simplicial 
cohomology. 

Roughly speaking, a cluster character evaluated at a fcQ-module M is some nor- 
malized generating series for Euler characteristics of grassmannians of submodules 
of the module M . More precisely : 

Definition 2.1. The cluster character with coefficients on fcQ-mod is the map 
Ob(CQ) — >Z[y][x±i] defined as follows : 

a. If M is an indecomposable fcQ-module, we set 
(2.2) X2i^= J2 x(Gre(M)) [] :c7<-->-<"-'^™*^->y- ; 

eGNQo ieQo 

h. if M ~ is the shift of an indecomposable projective module, we set 

YQ,y — ry.. 

M — " 

c. for any two objects M, A^ in Cq, we set 
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It follows from the definition that equation (|2.2p holds for any /cQ-module. Note 
that cluster characters are invariant on isoclasses. 

For any object M in Cq, we denote by X^j the value of the Caldero-Chapoton 
map at M. Equivalently, is the speciaHzation of X^j^ at yt = 1 for all i G Qq. 

We now prove a multiplication formula on almost split sequences for X^'^. This 
is an analogue to |CCQ6t Proposition 3.10] for the Caldero-Chapoton map. 

Proposition 2.2. LetQ be an acyclic quiver, N be an indecomposable non-projective 
module. Then 

vQ^VvQ^y _ vQ^V , ..dimN 

— + y 

where B is the unique kQ -module such that there exists an almost split sequence 

— > M ^ B ^ N — > 0. 

Proof. The proof is almost the same as in |CC06) for the coefHcient-free case. We 
give it for completeness. We write m — dimM and n = dimiV. We thus have 

XQ/-X^^-^X2,%^^ ^ x(Gre(Af©iV))n^7^""'^-^"-'"^""^^2/r- 

eeNQo i 

Since the varieties Gre(M © N) and |Jf+g=e Grf(M) x Grg(A^) are isomorphic, we 
get 

f,g i 

We now consider the case where f = and g = dim TV. Since 

Gvo{M) X Gr^i^NiN) ^ {{0,N)} 
the corresponding Laurent monomial in X'^j^j^ is 

J|^-{n.a,>-(a,.m>yn. 

i 

but m = c(n) where c is the Coxeter transformation induced on Ko{kQ) by the 
Auslander-Reiten translation. Thus, (n, a^) = — (ai,m) and then 

i i 

Now, since the sequence is almost split, for every e € N^", the map 

( Gr,{B) Uf+g=eGrf(A/)xGrg(7V) 
^^■\ L ^ {^-\L),p{L)) 

is an algebraic homomorphism such that the fiber of a point {A, C) is empty if and 
only if [A, C) = (0, N) and is an affine space otherwise. It thus follows that 

vQ^y vQ y _ vQ y i ,,dim ^ 

- +y 

and the proposition is proved. □ 
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2.2. Adding coefficients to cluster characters. We now prove that in order 
to compute cluster characters with coefficients associated to a quiver Q, it suffices 
to compute cluster characters without coefficients for a certain Q obtained from 
the quiver Q. More precisely let Q — {Qq,Qi) be an acyclic quiver, we denote by 
Q — (Qoj Qi) the acyclic quiver with vertex set consisting of two copies of Qq. The 
first copy is identified with Qq and the second copy is denoted by 

Q'o ^ {a{v)\v e Qo} 

where cr is a fixed bijection Qo — *■ Q'o- For any v ^ w ^ Qo, if v,w € Qo, the arrows 
from to w in Qi are given by the arrows from u to in Qi, otherwise there are 
only arrows v — ycr{v) in Qi where v runs over Qq. In particular, we can identify 
Qi with a subset of Qi. The quiver Q is called the framed quiver associated Q. 
By construction, the framed quiver of an acyclic quiver is itself acychc. Note that 
framed quiver are familiar objects in the context of quiver varieties (see e.g. |Nak96j l. 

Given an acyclic quiver R — {Ro,Ri) we denote by B{R) the incidence matrix 
of R. That is the skew-symmetric matrix (fey) € Mf>^^{'L) whose entries are given 

by 

5y = I {a : i — >j £ i?i} | - | {a : j — >i e Ri} \ 

for any i,j G Rq. 
We thus have 

' B{Q) I 
-I 



B{Q) 



The category fcQ-mod can be canonically identified with a subcategory of kQ- 
mod. We denote by t : kQ-mod — > kQ-mod the corresponding embedding, realizing 
kQ-uiod as a full, exact, extension-closed subcategory of fcQ-mod. Dimension vec- 
tors induce bijections KQ{kQ-m.od) ~ Z'^o and Ko{kQ-mod) ~ Z'^". Identifying 
ZQ« with Z<3o X {0} C Z'3o X Z'Jo ~ Z^« we can identify Ko{kQ-mod) with a 
subgroup of Ko{kQ-mod). 

Let A{Q,u) be the coefficient-free cluster algebra with initial seed {Q,u) where 
u — e Qoj- According to the Laurent phenomenon, it is a subring of the ring 

Z[u^^] of Laurent polynomials in u. We denote by : Ob(C^) — >Z[u^^] the 

Caldero-Chapoton map on Cq. For any fcQ-module M, the value of the Caldero- 
Chapoton map at M is thus given by : 

Xli = E x(Gre(Af)) n z,r<--)H-,cii„.M-e) 

eeN<3o ieQo 

where (— , — ) denotes the Euler form on fcQ-mod. 
We consider the homomorphism of Z-algebras 

Z[u±i] Z[y±i,x±i] 

Ut ^ Xi if ieQo, 



u 



J ^ Vi if j = cr{i) e Q'o- 



Lemma 2.3. For any kQ-module M , we have 

vQ^y — ~ ( vQ 
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{aj,ai) = 



Proof. Let M be a fcQ-module which we consider as a representation of Q. For 
any i G Qo, we denote by M{i) the corresponding /c-vector space at vertex i and 
for any a : i — >j € Qi, we denote by M(a) : M{i) — ^M{j) the corresponding 
/c-Unear map. Thus, t(M) can be identified with the representation of Q given 
by t(M)(i) = M(i) if i e Qo, = if i G QJ, and L{M){a) = M{a) if 

a G Qi, ''{M){a) = if a ^ Qi. In particular, dimi(M) = dimM. Moreover, 
Gre(t(M)) = if e ^ N'^« and l induces an isomorphism Gre(M) ~ Gre(t(Af)) 
otherwise. 

Note also that for any i G Qq, j G Qo, we have {ai, Uj) = 0, 

otherwise, 

and for any i,j G Qq, the form {ai,aj) is the same computed in /cQ-mod and 
kQ-mod. 

We thus have : 

< = E x(Gre(.(Af))) n ur<«='->-<--'i'-^W-) 

eGQo jeQo 

X(Gre(M)) _[_[ Mi 11 

e6N«o iGQo ieQ'o 

X(Gre(Af)) 11 Wi ' ' ' ' 11 U,; ' ' ' 

e6N«o iGQo ieQo 

x(Gre(M)) 11 11 



Applying tt, we thus get 



and the lemma is proved. □ 

Remark 2.4. In [FK07j, the authors gave a slightly different definition of the 
cluster characters with coefficients than the one we use here. We now prove that 
the definition we give in this paper is compatible with their definition. 

Let Q be an acyclic quiver, Q the corresponding framed quiver and Q — Q°p . 
Let mod-A:(5 be the category of finite dimensional right modules over kQ considered 
m |FK07| . This cate gory is equivalent to the category kQ-maA of finite dimensional 
left-modules over the path algebra of Q. It thus follows from |FK07j that the cluster 
category Cq is equivalent to the category ^ {Ti{kQ / kQ)) / [kQ / kQ) where S denotes 
the shift functor in Cq and where ^{T,{kQ/kQ)) denotes the full subcategory con- 
sisting of objects M in Cq such that Ext^^ (M, Pi) = for any i ^ Q'q. Thus objects 
in Cq can be identified with objects M in Cq such that Ext^^(A/, Pi) — for any 

i G Qo ^iid such that M ^ Pi for any i G Qq. 

Given an object AT in Cq, the cluster character G Z[y, x^^] associated to M 
by Fu and Keller is defined as follows. Using the above equivalence of categories, M 
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is viewed as an object in -^{Y.{kQ/kQ))/{kQ/kQ) and the character X'j^,j is t^{X^.j-) 
where X^'^ : Ob(CQ) — >Z[ u^^] is the cluster character on Cg associated by Palu 
to the cluster-tilting object kQ in Cq (see |Pal08j for details). 

Fix thus an indecomposable object M in ^ {Y.{kQ / kQ)) / [kQ / kQ) . If M is not 
a projective /cQ-module, then SAf is a /cQ-module and 

= Homc^ {Pi,^M) = Homj.g(P,, EAf) = dimM(i) 

for any z S Qg so that SM can be viewed as a representation of Q. In particular, 
there is some fcQ-module Mq such that S(M) = t(Mo). Thus, we get equalities 

where the second equality follows from |Pal08[ Section 5] and the last equality 
follows from Lemma [T3l If M is a projective module Pj for some j € Qo, then 

X'm = - = = ^p/i]- 

Conversely, for any object M in fcQ-mod, i{M) is an object in fcQ-mod such that 

= Hom^g(P„ i{M)) = Homc^ {P^,i{M)) for any i e Q[, 

so that S-ii(A/) belongs to ^ {^{kQ / kQ)) / {kQ / kQ) . Thus, 

where the first equality follows from Lemma [2731 and the second follows from |Pal08[ 
Section 5]. Thus, cluster characters with coefficients we defined coincide with those 
previously introduced by Fu and Keller. In particular, the cluster variables in 
A{Q, X, y) are precisely the characters X'^^'^ when Ad runs over the indecomposable 
rigid objects in Cq |FK07) . 

3. Characters with coefficients in Dynkin type A 

Let r > 1 be an integer and A denote the quiver of type A^, that is, of Dynkin 
type Ar equipped with the following orientation : 

0-^ 1^ 2^ r-l. 

For any i G [0, r— 1], n G [1, r~i], we denote by S'|"'' the unique (up to isomorphism) 
indecomposable kA-modu\e with socle Si and length n. By convention, for any 
i G [0,r — 1], S'j-°-' denotes the zero module. For simplicity, we denote by i + r the 
vertex a{i) G A'g for any i G [0, r — 1]. 

The following lemma is analogous to |Dup08a| Lemma 4.2.1] : 

Lemma 3.1. For any i G [0, r — 2] and n G [1, r — 1 — i], the following holds : 

Proof. For any i G [0, r — 2] and n G [1, r — 1 — i], there is an almost split sequence 

n , c(") , c("+i) m c-C"-!) , c(") ,n 

The lemma is thus a direct consequence of Proposition 12.21 □ 
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We now prove a relation analogous to three terms recurrence relations in the 
context of orthogonal polynomials. This relation will be essential in order to extract 
quantized Chebyshev polynomials. 

Lemma 3.2. For any id [0, r — 2] and n G [1, r — 1 — i], we have 

Proof. Let i £ [0, r — 2] and n £ [l,r — 1 — i]. We consider the indecomposable kA- 
modules (.(5^-"'') and L{Si+n) in the cluster category C^. We thus have isomorphisms 
of vector spaces (see [BMR+06| 1 : 

Exti^(t(5.+„),^(5f^)) ^ Exti^(i(5,+„),i(5|"))) ©Exti;j(.(5|")),45,+„)) 

- Extfc^(S'i+„, S'f"-') © Extfc^(S'f"\ S'i+„) 

— Ext J.^ [Si+n , s[ ' ) 

~ HomfeA(S'|"\ S'l+n-i) 
~ k 

So we can apply Caldero-Keller's one-dimensional multiplication formula for cluster 
characters without coefficients |CK06] to and i('5'|"'') in C^. We get : 

-KrA — Y^^ I Y^^ 

where B = ker / © coker for any 7^ / G Hom^;j(t(5f t;j(i(5,+„_i))) ^ 
fc. 

We now have to compute \lou\^^{i{s["'^),T^{L{Si+n-i)))- For this, we first 
compute Tj^{L{Si+n-i)) taking care of the fact that l does not commute with the 
Auslander-Reiten translation. 

In order to fix notations, we draw A as follows : 

r r + l •■• 2r-2 2r-l 



^ 1 ^ r - 2 r - 1 

We compute that a projective resolution of Si+n-i is given by 

Pi+n—l ffi Pi+n+r ^ Pi+n ^ 5'i+ri ^ 0. 

Applying the Nakayama functor v we get 

T m T r 

where is surjective since U+n-i — ^ U+n is onto. It follows from [GabSOj that 
T^^(t(5i+„)) ~ keri/(/) and thus ker;y(/) is the representation given by 

••• fc ••■ 



0-^ ' 0^ k^ k^ k^ ' k 



i + n — 1 
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where the arrows are obviously zero or identity maps. 
Since i(5'|"'') is the representation given by 

... ■•■ 

0^ ^ 0^ ^ 0-^ ^ 

i i + n — 1 

we get that for any non-zero morphism /, the kernel ker/ is given by 
... ••• 

0^ ^ 0^ k^ ' k^ 0-^ ^ 

i i + n ~ 2 

which is isomorphic to /.(S*!"^^^) and coker/ is 

... k ••• 

0^ ^ 0^ k^ k^ ' k^ ' — 

i + n 

which is isomorphic to the injective fcA- module li+n+r- It thus follows that 

and 
Thus, 

Applying the homomorphism tt of Lemma [2731 to this identity, we get 
and the lemma is proved. 

Lemma 3.3. Let A be a quiver of type with r even. Then the set 
is algebraically independent overZly]. 
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Proof. Denote by B the incidence matrix of A. As r is even, B is of full rank 
and thus there exists a Z- linear form e on such that e{Bai) < for every 
i G [0,r - 1]. It thus follows from |CK08) that 

K=( zn<')nz[x||ze[0,r-i]] 

\e(iy)<n i&Qo J 

defines a filtration on \i e [0, r — 1] and in the associated graded algebra, we 

have 

i=0 

for every kA-modu\e M. We now consider the grading on Z[Xg'^\i € [0,r — 1]] 
given the grading on 'Z,[Xg. \i G [0, r — 1]] and deg{yi) — for every i G Qo- We thus 
have that 

1=0 

and thus, since ((5'i,Af}),^o (('S'i, ^))j=o...r-i if dimM 7^ dimiV, it follows 

that any finite set Ix^'j^'ji G j| with dimMi ^ dimMj is linearly independent 
over Z[y]. 

Now assume that there is a polynomial P{t) — J2v£Nio,r-i] ai^^o" • • 'C'lY such 
that 

Since {Xi;^r---{X^ZX^-^ = ^^l. ^e-. , and dim [eZ^ Sf') = we 

get a vanishing Z[y] -linear combination of Xf^^ where ly runs over a finite subset 
of nIO''"-!]. gjjjgg dimMj, = v, it follows from the above discussion that each of 
the fly is zero and thus the set jx^.'^'lz G [0,7™ — 1]| is algebraically independent 
over Z[y]. □ 

4. Quantized Chebyshev polynomials 

4.1. Quantized Chebyshev polynomials of infinite rank. Let q = {qi\i G Z} 
be a family of indeterminates over Z and {xi^i \i G Z} be a family of indeterminates 
over Z[q]. We define by induction a family 

{x^,n\i G Z,n > 1} C Q(q)(a;,,i|z G Z) 

by 

n 
k=l 

with the convention that Xi^o = 1 for all z G Z. For simplicity if J = C Z is an 
interval, we write 

X/ = ixi^i,...,Xj^i) and qj = {qi,...,qj). 

It follows directly from the definition that for every n, there exists a rational func- 
tion Pn such that 

Xi^n = -Pn(q[i^i+n — 1] J X[i,i+Ji— 1] )■ 
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Proposition 4.1. For every i G Z and n. > 1, P„ is the polynomial given by 

Xt+n-lS 1 (0) 



Pn{q[i,i+n-l\-: X[i,i+n-l]) = det 



li+n-l 



(0) 



1 



Proof. Let i ^ "L and n > 1, fix an even integer r > i + n. Let A still denote 
the quiver of section [3] and denote by xf"^ the associated cluster character with 
coefficients. Consider the homomorphism of Z-algebras : 

'L[X^:^\ie[Q,r-l]] Z[q][x[,,,+„_i]] 

j/j ^ qi for all i G [0, r - 1] 



for all i e [0, r - 1] 



By Lemma [33j 4> is an isomorphism. By LemmajSUJ for any j G + ?i — 1] and 
k < n — i we have 



and y 



dims; 



j j + i j j + i 

nf=i Since the a;j,fe for 1 < fc < n are obtained by 

k 
1 = 1 



an immediate induction proves that 



for any j G + n — 1] and k < n — i. In particular, by Lemma [331 that 



and thus applying </) we get 

Xi^nXi^n,! -^i,?i+l ~t~ Qi-{-nXi,n—l 

and thus by induction 

Xi+n.i^l 1 (0) 
Qi+n-1 

Xi^n — det 

(0) qi+1 Xi^i 

is a polynomial in '^[(l[i^i+n~i]j'^[i,i+n-i]\ ^^'^ the proposition is proved. 

As an immediate corollary, quantized Chebyshev polynomials are characterized 
by the following three-terms recurrence relation : 



□ 



Corollary 4.2. For any n > 2, the following equality holds : 
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Definition 4.3. For any n > 1, P„ is called the n-th quantized Chebyshev polyno- 
mial of infinite rank. By convention Pq — 1. 

Example 4.4. The first quantized Chebyshev polynomials of infinite rank are : 



-Pi('?o,*o) = 


to 


^2(q[o4i,t[o.i]) = 


toh - qi 


^3(q[0,2li t[0,2]) = 


*0*1*2 — 92*0 — 91*2 


A(q[0,3l' t[0,3]) = 


*0*1*2*3 - 93*0*1 - 91*2*3 - 92*0*3 + 9l93 


^5(q[0,4]i t[0,4]) = 


*0*1*2*3*4 ~ 91*2*3*4 — 92*0*3*4 ^ 94*0*1*2 
-93*0*1*4 + 9194*2 + 9294*0 + 9193*4 



We now prove Theorem 3. 

Corollary 4.5. Let r > 1 be an integer and A be the quiver of type Ar equipped 
with the following orientation 



0- 



1 



■r - 1. 



Then, for any i E [0, r — 1] and n e [1, r — i], we ho 



or equivalently 



X^ll = det 



X 



Vi+n-l 



(0) 



1 



(0) y^+l xi;y 

Proof. Consider the epimorphism of Z-algebras 



^[qi,Xi^i\i e Z] 

n : < x^^i 



Z[y„X^;^|i e [0,r-l]] 

Xs, for i e [0, r - 1] 

1 for i ^ [0, r - 1] 

Hi for I G [O, r - 1] 

1 for i ^ [0, r - 1] 



By Lemma [121 for any i G [0, r — 1] and n e [1, r — 1 — i], we have 



SO that 7r(xi,„) — X„{r^) for any i G [0,r — 1] and n G 



follows from Proposition 14.1 



The result thus 

□ 



4.2. Quantized Chebyshev polynomials of finite ranks. Fix now an integer 
p > 1 and consider the n-th quantized Chebyshev polynomial of rank p Pn,p defined 
in the introduction. 
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Example 4.6. The first five quantized Chebyshev polynomials of rank 1 are 



A,i(g,t) = 


t 


^^2,1(9,*) = 


- q 


^^3,1(9,*) = 


{■^ - 2qt 


^^4,1(9,*) = 


- iqi^ + q^ 




i= - 4qt'-^ + iqH 



The first five quantized Chebyshev polynomials of rank 2 are 



-Pi.2(<7o,9i,to,*i) = 


to 


-f2,2(<7o,9i,io,*i) = 


toh - qi 


P3,2{qo,qi,tQ,tl) = 


toti — qoto ~ 91^0 


-Pi, 2(90, 91, ^0, ^l) = 


t^tf - qitoti - qitah - 92*0^1 + 9i 


-F5, 2(905 9i, ioi ii) = 


{■^t'i - 2qit^h - 2(70^0*1 + 9091*0 + 9o*o + 91*0 



The first five quantized Chebyshev polynomials of rank 3 are 



-Pl,3(q[0,2], t[0,2]) = 


to 


-f2,3(q[0,2l' t[0,2]) = 


toh - 91 


-f3,3(q[0.2l- t[0,2]) = 


*0*1*2 — 92*0 ^ 9l*2 


-f4,3(q[0,2l! t[0,2]) = 


*o*i*2 - 91*0*2 - 90*0*1 - 92*0 + 9o9i 


-f5,3(q[0,2li t[0,2]) = 


*^*f*2 - 2giio*i*2 - 92*0*1 + 9i*2 - 9o*o*f + 9i92*o + 9o9i*i 



The first five quantized Chebyshev polynomials of rank 4 are 



-Pl,4(q[0,3lit[0.3]) = 


to 


-f2,4(q[o,3l't[0,3]) = 


*o*i - 91 


-f3,4(q[o,3l't[0,3]) = 


*0*1*2 — 92*0 — 9l*2 


-f4,4(q[o,3l' t[0.3]) ^ 


*0*1*2*3 - 93*0*1 - 91*2*3 - 92*0*3 + 9l93 


-P5,4(q[o,3]' t[0.3]) = 


*0*1*2*3 — 91*0*2*3 — 92*0*3 ~ 90*0*1*2 

-93*0*1 + 9o9i*2 + 9o92*o + 9i93*o 



The first five quantized Chebyshev polynomials of rank p > 5 coincide with the 
first five quantized Chebyshev polynomials of infinite rank. 

Note that quantized Chebyshev polynomials are deformations of generalized 
Chebyshev polynomials introduced in |Dup08b| , more precisely we have the fol- 
lowing relation : 

Lemma 4.7. For any p G Z>o U {00}, the n-th generalized Chebyshev polynomial 
of rank p coincides with the n-th quantized Chebyshev polynomial of rank p where 
all the qi 's are specialized at 1 . 

Proof. We recall the construction of generalized Chebyshev polynomials given in 
|Dup08b| . Fixp > an integer and set {ai^i\i G Z/pZ} a family of indeterminates 
over Z. Then the n-th Chebyshev polynomial of rank p (resp. infinite rank) if p > 
(resp. p = 0) is the expression of Ui^n in terms of {aiA^ G Z/pZ} where the Ui^n for 
n> 1 are defined inductively by 

It thus follows from the definition that, specializing all the qi's at 1, the n-th gen- 
eralized Chebyshev polynomial of rank p (resp. infinite rank) is the speciaHzation 
of the n-th quantized Chebyshev polynomial of rank p (resp. infinite rank). □ 
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It is proved in |Dup08b| that for every n > 1, the n-th generahzed Chebyshev 
polynomial of rank 1 is the usual n-th normalized Chebyshev polynomial of the 
second kind. It thus follows from Lemma 14.71 that the n-th quantized Chebyshev 
polynomial of rank 1 specialized at = 1 for every z S Z is the n-th normalized 
Chebyshev polynomial of the second kind. This case being of particular interest in 
the sequel, we set the following definition : 

Definition 4.8. The n-th quantized Chebyshev polynomial of rank 1 is called the 
n-th quantized Chebyshev polynomial of the second kind. 

5. Quantized Chebyshev polynomials and characters for regular 

MODULES 

As we already saw in Theorem 3, quantized Chebyshev polynomials appear in 
character formulas with coefficients associated to indecomposable modules over 
the path algebra of an equioriented quiver of Dynkin type A. In this section, we 
prove that these polynomials also arise in character formulas with coefficients for 
indecomposable regular modules over the path algebra of an acyclic quiver of infinite 
representation type. 

Let Q be an acyclic quiver of infinite representation type, denote by 7?. a regular 
component in the Auslander-Reiten quiver T{kQ) of kQ-mod. Let p > such that 
TZ is is of the form ZAoo/(p). If Q is affine, then p > 1 and TZ is called a tube 
|Rin841 Section 3.6]. If p = 1, 7^ is called homogeneous and ii p > 1, 7?. is called 
exceptional. If Q is wild, then p — [Rin78j . 

We denote by {Ri, i £ Z/pZ} the set of quasi-simple modules in TZ ordered such 
that rRi ~ Ri-i for every i G Z/pZ. For any i G Z/pZ and n > 1, we denote 

(n) 

by i?j the unique indecomposable fcQ-module with quasi-length n and quasi-socle 
Ri. By convention, Rf'^ denotes the zero module for every i G Z/pZ. With these 
notations, for any n > 1 and any i G Z/pZ, there is an almost split exact sequence 

(5.3) o^i?f^^i?f+'' ® i?,(:;7'^^i?i:^l— .0. 

Locally, a regular component can be depicted as in Figure [H 
We are now able to prove Theorem 2. 

Theorem 5.1. Let Q be a quiver of infinite representation type, Xp'^ be the cluster 
character with coefficients on kQ-mod. Let TZ be a regular component in T{kQ) of 
the form ZAoo/(p) for some p > 0. Let {Ri\i G Z/pZ} denote the quasi-simples of 
TZ ordered such that rRi ~ Ri^i for every i G Z/pZ. Then, for every i G Z/pZ and 
any n > I, we have; 

Moreover, if p > 1, then 

X^, = P„,p(2/*™^- , . . . , xg;^ . . . , X^il^ J. 

Proof. We consider the Z-families q — {(li\i G Z} and {a;i^i|i G Z}. Define (j) to be 
the homomorphism of Z-algebras 



Zfe|iGZ][x,,i|i GZ] Z[y][x 

^ > __dim_R 

Hi ^ y 



±11 
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Figure 1. Local configuration in a regular component of T{kQ) 

where the indices on the right hand side are taken in Z/pZ. We claim that 4>{xi_n) = 
X^(^) for every i and n > 0. If n = 0, 1, the result holds by definition of 0. 

Now, assume that n > 1, it follows from the almost split exact sequence (|5.3p and 
Proposition 12.21 that for any i e Z/pZ we have 



so that applying 4> we get 



0(a;i,n+i) = X 



for every z G Z. This proves the claim. Thus for every i G Z/pZ and every n > 1, 
we have 

X^, = H^^,n) 

— 4>(.Pn{<li, ■ ■ ■ , Qi+p-l, Xi^i, . . . , Xi+n~l)) 

which proves the first assertion. For the second one, assume that p > 1, then 
XRi^.p = Xr. and dim i?i+p — dimi?i for every i £ Z. It thus follows from the 
definition of Pn,p that 

X"^, = P„,p(y'^™«% . . . ,y'^™«-+-\X^f , . . ■,X^:IJ 
and the theorem is proved. □ 

By expanding with respect to the first column in the determinantal expression 
of Pn , we prove the following immediate corollary : 



Corollary 5.2. With notations of Theorem \5.1\ we have 
for any n>\ and i G "Z/pl,. 
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Example 5.3. We consider the following quiver of type A2,i : 



2 




Q : 1 ^3 

Cluster algebras with coefficients associated to this quiver are extensively studied in 
[CerOQ] . This example actually motivated the introduction of quantized Chebyshev 
polynomials. 

Q is an afHne quiver. All but one regular components of T{kQ) are homogeneous 
tubes, we denote by % the unique exceptional tube in T{kQ). The quasi-simple 
modules in % are 

k 



Ro — S2 ■ 



and 




Ri ■■ k 

A direct computation shows that 

w{y) = = and z(y) ^ X'^^ 

X2 



y _ X1X2 + y3 + ymysXj 
X1X3 



_ vQ _ X1+X3 



w = X 



Ro 



and z — X 



Q _ X1X2 + 1 + 3:3 



Ri 



X2 X1X3 

For any A e P^(A:) \ {0}, we denote by M\ the unique quasi-simple module in 
T\. It is given by 

k 





if A 7^ cxo and 





A direct check proves that X'^^^ and AT^ do not depend on the choice of A G 
Pi(fc) \ {0}. We set 

I \ _ vQ-y _ ^13^2 + y^xi + ^2^33^3 + yiy2y3X2xl 
'"lyj — Mx ~ ™ „ „ ' 



X 



X1X2X3 

Q _ X\X2 +X\+X3+ X2X\ 
X1X2X3 



for any AePi(fc)\{0}. 
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A direct computation proves that 

Q_y xlx2 + UsXl + V2X1X2XZ + 2/2^32^3 + yiy2y3X2xl 

f2) — 

Ro X1X2X3 



and we easily check that 

- P2,2(y'^™^°,y'^™«SXgf ) 
= P2Ay2,ym,w{y),z{y)). 

Similarly, a direct computation of the cluster character proves that 

^2(3) = \ — (xlx2 + y2xlx2X3 + ysxj + 2y2y3XiX3 + 

K X1X2X3 

+ yiy2y3XiX2xl + yly^xl + yiyly3X2xf) 
and one verifies that 

^Ja'; = x2f{X^-yr + y^y^X^y + y2Xi^ 

= -P3,2(y2,yi2/3,w'(y),2;(y)). 
In homogeneous tubes, we can also compute the cluster character 

= 2 \ 2 (^1^2 + '2y3xlx2 + ylx\ + 2y2y3xix2X3 + 2y2ylx3Xi 



222, 222,0 22 3,0 2 2,2222 4\ 

y2y3^3 + yiy2y3XiX2X3 + 2yiy2y3X2X3 + 2yiy2y3XiX2X3 + ^1^2 2/32^2 2^3) 



= P2,i(y^^f/r) 

illustrating Theorem 15 .11 



6. Quantized Chebyshev polynomials of the first and second kinds 

Normalized Chebyshev polynomials of the first kind initially appeared in the 
context of cluster algebras in [SZ04]. They were introduced in order to study 
canonically positive bases in rank two cluster algebras. These polynomials are 
defined by three terms recurrence relations. Let x be an indeterminate over Z, then 
Fn is the polynomial in one variable defined by 

Fo(a;) = 1, Fi{x)^x, ^2(0;) = - 2 and 

Fn+i{x) = Fr,{x)Fi{x) - Fn-i{x), for n>2. 
It is easy to check that these polynomials are characterized by 

Fn{x + x-'^) =a;"+a:~" 

for every n > 1. 
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Normalized Chebyshev polynomials of the second kind appeared in |CZ06j in 
order to study bases in the cluster algebra associated to the Kronecker quiver. 
These polynomials are defined be the following three terms recurrence relation. Let 
X be an indeterminate over Z, then Sn is the polynomial in one variable defined by 

5*0(2;) = 1, >5'i(a;) = X, 5*2(2;) = — 1 and 

5„+i(a;) = Sn{x)Si{x) - 5„-i(a;), for n>2. 
It is easy to check that these polynomials are characterized by 

n 

5„(a; + a;-i) = ^a;"-2'^ 

k=Q 

for every n > 1. 

In particular, it appears that normalized Chebyshev polynomials of the first and 
second kind satisfy the same recurrence relations but second terms differ. We now 
prove that there is a similar phenomenon for quantized Chebyshev polynomials. 
We define the quantized Chebyshev polynomials of the first kind as follows. Let ly 
be an indeterminate over 1, q = and x be an indeterminate over 'i\q\. 

Definition 6.1. The n-th quantized Chebyshev polynomial of the first kind is the 
polynomial F^{x) G defined by 

F«(x) = l, F^{x)=x, F^{x) =x^ -2q and 

K+ii^) = F:ii^)Fn^) - iK-ii^) for n>2. 

Example 6.2. The first five quantized Chebyshev polynomials of the first kind are 
given by 





X 


F^ix) = 


x^ - 2q 


FU^) = 


x"^ — 3qx 


Fiix) = 


x"* - 4ga;^ + 


F^ix) = 


x^ — 5qx'^ + bq'^x 



From now on, we will denote by S^{x) — Pn,i{q, x) the n-th quantized Chebyshev 
polynomial of the second kind introduced in definition l4.8l It follows from Corollary 
14.21 that these polynomials are characterized by 

5q(x) — 1, Sl{x) — X, 5'|(a;) ^ x^ — q and 

S'n+ii^) - SUx)S'[{x) - qSl_,ix) for n>2. 
Thus, as in the non-quantized case, first kind and second kind quantized Chebyshev 
polynomials satisfy the same induction relations but second terms differ. 

As in the non-quantized case, we now give algebraic characterizations of quan- 
tized Chebyshev polynomials of first and second kinds. 

Lemma 6.3. Let t he an indeterminate over 1\q\, then for any n>\, we have 
(1) 

F,?(z.(t + t-i)) = j."(i«+t-"), 

(2) 

n 

Sl{u{t + t-^))^u-Y.t-^\ 

k=0 
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Proof. We first prove the property for quantized Chebyshev polynomials of the first 
kind. We prove it by induction on n. The property holds for n = 1. We have : 

_ _j_ (n+1) 

Now for quantized Chebyshev polynomials of the second kind we have : 



fe=0 fe=0 

n n—1 

n+1 

= I/"+l(^r+l-2'=). 



k=0 



As a corollary, we obtain : 
Corollary 6.4. For any n > 0, we have 



2k 

k=0 

with the convention that Fi[x) = if i < 0. 
Proof. We have 

n 
fe=0 

If n is even, we have 

n / n/2-1 

fc=0 \ /s=0 

Tl/2-1 

= I/" -(- ^ ^ ^2k ^j^n—2k ^n—2k _j_ ^n—2k^2k—n^ 

k=0 

n/2-1 

_|_ ^ ^ ^2k ^^n—2k^n—2k _|_ ^n—2k^2k—n^ 

k=0 
n/2-1 

= u^+ q''Fn-2k{'y{t + t-')) 

n 

= Y<l'Pn-2k{'y{t + t-')) 
fe=0 

where the last equality follows from the convention that = for i < 0. 



□ 
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If n is odd, we denote by [n/2] the integral floor of n/2. Then, 

["/2] 

k=0 k=0 
[n/2] 

_ ^2k ^^n-2k^n-2k ^n-2k^2k-n\^ 

k=0 
[n/2] 

_ ^2k ^^n-2k^n-2k ^n-2k^2k-n\^ 

k=0 
[n/2] 

n 

= J2<l''Fn^2k{Ht + t-^)) 
k=0 

where the last equality follows from the convention that Fi = for i < 0. This 
proves the corollary. □ 

Corollary 6.5. For any n > 0, we have 

F^{x)^Sl{x)-qSl_^{x). 

7. Chebyshev polynomials and bases in affine cluster algebras 

In this section, we study possible interactions between Chebyshev polynomials 
and bases in affine cluster algebras. We first study the case of the Kronecker quiver 
relying on |SZ04[ [CZ06) . Then, we study the case of a quiver of type A2,i studied 
in particular in [CerOQj . Finally we give conjectures for the general affine case. 

7.1. The Kronecker quiver. We consider the Kronecker quiver : 

K : 1 r2 

We denote by A{K, x, y) the cluster algebra with principal coefficients at the initial 
seed (i\r, X, y) where y = {yi,?;2} and x = {xi,X2}- We simply denote by A{K) 
the coefficient-free cluster algebra with initial seed (-ftT, x). 

K is an affine quiver and the regular components of T(kK) form a P^(fc)-family 
of homogeneous tubes. The minimal imaginary root of if is (5 = ai + 0:2. For any 
A e P^(fc), we denote by T\ the tube corresponding to the parameter A, by M\ the 
unique quasi-simple module in T\ and for any n> 1, by M_["^ the indecomposable 
module in T\ with quasi-socle M\ and quasi-length n. It follows from |CZ06) (see 
also fDupOSc]) that X'^j^ and X^j^ do not depend on the choice of the parameter 
A e P^(fc) and we denote by 

X1X2 

Q ^ Xj+Xl + I 
X1X2 

these values. 

The following theorems give bases in the coefficient-free cluster algebra A{K). 
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Theorem 7.1 ([CZOlj). The set 

C{K) = {cluster monomials} U {Sniu)\n > 1} 
is a 1,-basis in A{K). 
Theorem 7.2 ( [SZ04] ). The set 

B(K) = {cluster monomials} U {Fn{u)\n > 1} 
is a canonically positive "Z-basis in A{K). 

In |SZ041 Theorem 6.3], the authors defined a canonically positive basis in the 
cluster algebra with universal coefficients associated to the Kronecker quiver by 
lifting the canonically positive basis in the coefficient-free cluster algebra A{K,x). 
It is not clear at first whereas this lifting still gives rise to quantized Chebyshev 
polynomials. We prove that up to a normahzation by coefficients, this is still the 
case for principal coefficients. 

For rank two cluster algebras, the description of coefficients used in |SZ04j is 
the one introduced in [FZ02, Remark 2.5] which we will briefly recall here. Let 
A{K, X, y) be the cluster algebra with principal coefficients at the initial seed 
{K,x,y) and P — Trop(y). Then, P can be described as the free abelian group 
generated by {qi\i G Z} U {ro, ri} with respect to the relations 

(7.4) r„i_ir„i+i = qm-iqm+irfn 

where coefficients in terms of y can be recovered from {ri,qi\i G Z} (see ^FZ07| 
Remark 2.7]). In particular, we have the following equalities 

(7.5) ri = ?/2,7'2 = = 1 and 92 = 2/1- 

We now consider the completion P = Q®zP obtained by adjoining to P the roots 
of all degrees from all the elements of P. We denote by A{K, x, y) the ZP-algebra 
obtained from A{K, x, y) by extension of scalars. An element in A{K, x, y) is called 
positive if it can be written as a Laurent polynomial with coefficients in Z>oP in 
any cluster of A{K, x, y). A ZP-basis B of A{K, x, y) is called canonically positive 
if positive elements in A{K, x, y) are exactly Z>oP-linear combinations of elements 
of B. Such a basis is unique up to normahzation by elements of P. 

Theorem 7.3. The set 

B^{K) = {cluster monomials} U {u{y))\n > l| 

is a canonically positive "EP-basis in A{K, x, y). 

Proof. Let A{K,-k) be the coefficient-free cluster algebra with initial seed {K,-k) 
where x = {xj^jXj}. We denote hy x^,i G Z the cluster variables in the coefficient- 
free cluster algebra yl(if, x) given by x^i_iX.ij^i = aif + 1 for any i ^"L. 
Set 

xl + xl + 1 
u = — — — . 

^1^2 

By Theorem I7.2[ the canonically positive Z-basis of A{K,x) is given by 
B{K) — {cluster monomials} U {Fn{u)\n > 1} . 
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Sherman and Zelevinsky proved in |SZ04j that there exists a ZP-linear isomor- 
phism 

^(i^,x)®ZP — > A{K,yi,y) 

In particular, as ■0 is an isomorphism of ZP-algebras, ip{B{K)) is a canonically pos- 
itive ZP-basis in A{K,x,y). We now prove that, up to normaHzation by elements 
of P, ip{B{K)) and B^iK) = {cluster monomials} U ^F^' {u{y))\n > l| coincide. 

For this, it suffices to prove that for any n > 1, ^{Fn{u)) € VF^^ {u{y)). More 
precisely, we prove by induction that for any n> 1, we have 

^{Fr,{u))^y-^Fy\u{y)). 

We recall that 

XL — XqX'^ X ■yX'^ 

where = and = ^|^. Expressing rQ,r3,qo,q3 in terms of 1/1,2/2 using 

identities l|7.4p and l|7.5p . a direct computation leads to 

tp{u) = V(£o)'0(£3) - '0(£i)'0(£2) 

XiX2 \y2 y-2 J 

-ix'i + yiy2xl +y2 

= y 



y ^"(y) 



Fix now some integer n > 1, we know that 

F„+i{u) = Fn{u)Fi{u) - F„^i{u) 

so 

V'(F„H.i(u)) = ^{Fr,iu)WFi{u)) - ^{Fn-iiu)) 

= y-'^Fy\u{y))y-^Ff{u{y)) y-'^'FtMy)) 

= y-'^'Fy\uiy))Ffiuiy))-y-'^'Ff_My)) 
= y-"^' {FfHyWtiuiy)) y'Ff_,{u{y))] 

= y-"^'{FyUu{y))) 



where the last equality follows from Definition 16.11 Since P contains the roots of 
all degrees of elements of P, y ^ — Vi ^2/2 ^ belongs to P. For every n> 1, 
we have F^ (^(y)) G P'ip{Fn{u)) and thus up to a normalization by elements of 
P, tlj{B{K)) coincides with By{K) and By{K) is a canonically positive basis of 
i(/^,x,y). □ 

Using Corollary 16.41 we get an analogue with coefficients of Theorem 17.11 : 
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Theorem 7.4. The set 

C^{K) — {cluster monomials} U {u{y))\n > l| 

is a ZiV-basis in A{K, x, y). 

7.2. Quiver of type A2,i. We now consider the quiver of type A2,i from Example 



We denote by A(Q, x, y) the cluster algebra with principal coefHcients at the initial 
seed (QjX, y) where y = {2/1,2/2,2/3} and x = {xi,X2-,xs,} . We denote by A{Q,:x) 
the coefRcient-free cluster algebra with initial seed (Q,x). Keeping notations of 
Example 15. 3^ in the coefEcient-free settings we have : 

Theorem 7.5 ( |Dup08c| ). The set 

C{Q) = {cluster monomials} U {Sn{u)z'^ , S„iu)w'^\n > > 0} 
is a Z-basis in A{Q, x). 

Remark 7.6. Actually, the basis defined in |Dup08c| is given by 

S{Q) = {cluster monomials} U {m"z'', |n > > 0} . 

Since for every n > 1, S'„(u) is a monic polynomial in u of degree n, Theorem 17.51 
follows directly from the above statement. 

With coefficients, Cerulli proved the following theorem : 

Theorem 7.7 f |Cer09j ). The set 

By{Q) = {cluster monomials} U ^Fy\u{y))w{yf ,Fy\u{y))z{yf\n > l,fc > o| 
is a canonically positive IF -basis in A{Q, x, y). 

It then follows directly from Corollary 16.41 that : 
Corollary 7.8. The set 

Cy{Q) = {cluster monomials} U ^Sl\u{y))z{yf , {u{y))w{yf\n > 1,/c > o| 
is a liV-basis in A{Q, x, y). 

7.3. Conjectures for the general afRne case. Let Q be an affine quiver. Let A 

be the parameter of an homogeneous tube in T{kQ), we know that X'^,^^ does not 

depend on the chosen parameter A (see e.g. |DXX09) ) and we denote by z = 
this common value. We denote by E-ji the set of rigid regular modules in fcQ-mod. 
Generalizing results of |Dup08c| for the coefficient-free case, we conjecture that a 
ZP-basis in the cluster algebra A{Q,'x.,y) with principal coefficients at the initial 
seed (Q,x,y) can be described as follows : 

Conjecture 7.9. Let Q be an affine quiver, then 

C^iQ) = {cluster monomials} U js'"'' > £ 8n] 
is a ZF-basis in A{Q, x, y). 
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According to the previous examples, we also give a conjecture for a canonically 
positive basis in an afRne cluster algebra : 

Conjecture 7.10. Let Q be an affine quiver, then 

B^iQ) = {cluster monomials} U |F/(z)X^'^|n > G £n\ 

is a canonically positive ZV-basis in A{Q, x, y). 

In the above examples, the general idea is thus that quantized Chebyshev polyno- 
mials of the second kind are related to representation theoretic properties whereas 
quantized Chebyshev polynomials of the first kind are related to positivity prop- 
erties. More precisely, if A{Q,y,'x.) is a cluster algebra associated to an affine 
quiver Q, quantized Chebyshev polynomials of the second kind arise naturally from 
the study of ^((5,y,x) through the representation theory of Q. Using methods 
proposed in |CK08l |Dup08c| |Dup08a) JDXX09] , it thus seems Hkely to prove that 
C^{Q) is a ZP-basis in A{Q, x, y). Then, using Corollarv l6.4l one can express quan- 
tized Chebyshev polynomials of the second kind as positive ZP-linear combinations 
of quantized Chebyshev polynomials of the first kind. Thus, if Conjecture 17.91 is 
proved, it is straightforward to prove that B^{Q) is a ZP-basis. The remaining part 
would thus be to prove that B^{Q) is a canonically positive ZP-basis. 
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